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Today’s Class

• Estimating the reliability of a homogeneous test.
– McDonald’s Omega.
– Guttman-Chronbach Alpha.
– Spearman-Brown.

• What to do with binary items.
– Wait until we talk about more appropriate methods for 

binary items.

• Brief notes about generalizability.
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The Reliability of a Homogeneous Test
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The Single-Factor Model for Test 
Scores

• Recall from the previous chapter our discussion was 
framed about how to estimate the precision of a test.

• The classical true-score model was introduced as a 
method to get at reliability and the standard error of 
measurement.

• We will now see what happens when we combine a 
total test score with the use of the single-factor 
model.
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Total Test Score

• Taking what we know about our single-factor 
model, let’s see if we can express the total test 
score in terms of the model:

• The test score is: 

• The single factor model states:
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Putting the Two Together

• So plugging in for X we 
get:

• We can now re-write 
into:

• C is the common part of 
Y due to the common 
factor.

• U is the unique part due 
to the idiosyncratic 
properties of the test.

• μY is the mean of the 
test Y.
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Doesn’t That Look Familiar?

• So, we are now back to looking at a test as a 
decomposition into a “true score” and an “error.”
– The previous slide looked similar to Y = T + E

• The factor model gives us an interpretation of the 
total true score, TY as the common part C of Y, and of 
the error E as the unique part U.
– So we can rewrite our model as:

Y = TY + EY +  μY
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Where Do We Go From Here?

• You can guess what is coming now, can’t you?
– In Chapter 5, we defined the classical true-score 

model, then went and showed the variance of Y as 
a decomposition into true and error variances.

• Under the single factor model, we can also 
show the variance of Y.
– Only now, our decomposition will be having 

parameters of our single-factor model.
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Variance of Y

• Using the algebra of expectations, we have:

Var(Y) = Var[μY + Σ (λj) F + Σ(Ej)]
= Var[Σ (λj) F + Σ(Ej)]
= [Σ (λj)]2 Var[F] + Var[Σ(Ej)] + 

2Cov[F, Σ(Ej)]
= [Σ (λj)]2 + Σ Ψj

2

= σTy
2 + σEy

2 
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Reliability Coefficient

• So, we have σY
2  = σTy

2 + σEy
2 

• Recall the reliability coefficient defined in 
Chapter 5 was:

ρr = σTy
2 / (σTy

2 + σEy
2 ) = σTy

2 / σY
2 

• We now define a new version of the reliability 
coefficient, constructed with the single-factor 
model in mind.
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McDonald’s Omega

• McDonald’s Omega is a measure of reliability 
of a homogeneous test based on the single-
factor model:

ω = σTy
2 / σY

2  = [Σ (λj)]2/(σY
2 )

-or-
ω = σTy

2 / σY
2  = [Σ (λj)]2/([Σ (λj)]2 + Σ Ψj

2 )

• Omega is a ratio of the true-score variance of 
Y to the total variance of Y.
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Estimation of McDonald’s Omega

• To get an estimate of McDonald’s Omega, we 
must first fit our single-factor model.

• If the fit is adequate – and hence, we have a 
homogeneous test – we then take our factor 
loading parameters:
– sum them
– then square the sum
– then divide by the variance of Y (variance of a 

total test score).
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Properties of McDonald’s Omega

• Omega is the ration of the variance due to the 
common factor to the total variance of Y.

• Omega is the square of the correlation 
between Y and the common factor F.
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More Properties of McDonald’s Omega

• Omega is the correlation between two test scores Y 
and Y’ that have the same sum of their loadings and 
the same sum of their unique variances.

• Omega is the square of the correlation between the 
total (or mean) score on the given m items and the 
means score on an infinite set of items from a 
homogeneous domain of items of which the m items 
in the test are a subset.
– In this respect, it is a measure of the generaliziablity of the 

test items.



Psych 892 - Measurement Methods 15

Reliability of SWLS Data
• Recall our estimates of the 

SWLS data parameters.
– From these we can compute 

omega.

• Sum of the loadings = 5.69
– Square of 5.69 = 32.25

• Sum of the unique variances 
= 7.13

• Omega = 
32.25/(32.25+7.13) = 0.82
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Coefficient Alpha
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Another Measure of Reliability

• A much more frequently used measure of reliability is 
the Guttman-Chronbach Alpha.
– Note that this is commonly called Chronbach’s Alpha.

• Rod (correctly) cites the first reporting of this coefficient in 1945 
by Guttman.

• The Omega coefficient of reliability was based on the 
general single-factor model.  
– Alpha is based on the true-score equivalence model.
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How Does This Work?
• Consider the computation of coefficient omega under 

the true-score equivalence model:

• For the true-score equivalence model in the SWLS 
example, λ = 1.134.
– So omega for this case was:

• 52 (1.134)2 / 39.382 = 0.8170

• Note that the G-C alpha is slightly lower than our 
estimate of omega.
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G-C Alpha

• It can be shown (see p. 91), that the classical 
definition of the G-C alpha is equal to what 
omega is under the true-score equivalence 
model.

• The classical definition of the G-C alpha is:
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Calculating Alpha for the SWLS
• To do this, we must sum the diagonal elements of the covariance matrix:

– 2.566 + 2.493 + 2.462 + 2.769 + 3.356 = 13.646

• Then we must sum every element in the covariance matrix to get sY
2.

– sY
2 = 39.382

• Alpha is then (6/(6-1))*(1-(13.646/39.382)) = 0.8170
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Omega and Alpha in Practice

• It is difficult to invent a homogeneous test 
where Omega differs greatly from Alpha.

• But part of the motivation for introducing 
Omega is the motivation behind the measure.
– The factor model should be used to check for 

homogeneity of a test.
• If a test is roughly homogeneous, then the sum score 

can be used.
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Other Meaning of Alpha

• Cronbach showed that Alpha gives the average 
correlation between all possible splits of the 
items into halves.
– The split-half method is a classical method for 

estimating reliability – it yields Y and Y’.

• Alpha is also referred to as the “internal 
consistency” reliability of a test.
– Rod recommends against this.
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The Spearman-Brown Prophecy Formula
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Covering All Our Models

• We showed that Omega is a reliability 
coefficient for the single factor model.

• When the true-score equivalence model is 
estimated, Omega is equal to the G-C Alpha.

• What about the parallel items model?
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Notes About Parallel Items

• Recall that Under the parallel-items model:
– the factor loadings constrained to be equal

λ1 = λ2 = … = λj
– the unique variances are constrained to be equal:

Ψ1
2 = Ψ2

2 = … = Ψj
2

• In this case, omega for a test is the same as a  
multiple for omega for a single item.
– This is because the covariance for each pair of 

items is the same across all pairs
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The Spearman-Brown Prophecy 
Formula

• Specifically, the reliability for a single item is:

• The reliability for the whole test is then:

• The final formula is the Spearman-Brown Prophecy 
formula.
– It was designed to prophecy the increase in reliability by 

doubling the length of a test.
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S-B and Omega

• We can show that Omega happens to be equal 
to the S-B reliability under the parallel-items 
model.
– The S-B formula reported from time to time in the 

context of building test with split-half methods.

• Really, there is not a good reason for using the 
S-B formula over Alpha or Omega (p. 95).
– It is presented here for historical reasons.
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S-B from the SWLS

• To demonstrate the S-B from the SWLS, recall 
the estimates of our parameters:
– λ = 1.287
– Ψ2 = 1.442

• The formula for coefficient Omega:
[Σ (λj)]2/([Σ (λj)]2 + Σ Ψj

2 ) = 
m2 λ2/(m2 λ2 + Σ Ψj

2 ) = 0.8169
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Another Example – The Hope Scale
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The Hope Scale
• Supplied by Hal 

Shorey, the Hope 
Scale consists of 18 
items measuring 
three attributes.

– We will focus on 
the Pathways 
Attribute, as 
measured by the 
items to the right.

1. I’m not good at planning 
how to get things done.*

2. I can think of many ways 
to get out of a jam.

3. I have difficulty finding 
ways to solve problems.*

4. I’m not good at coming up 
with solutions.*

5. I’m good at coming up 
with new ways to solve 
problems.

6. I create alternate plans 
when blocked.
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Is The Test Homogenous?
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What is Omega?
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What is Alpha?

Sum of diagonal elements: 11.898
Sum of matrix: 32.594
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Wrapping Up
• Reliability of a test can be estimated from a test itself.

– The single-factor model has Omega as its estimate of 
reliability.

– Omega equals Alpha under the true-score equivalence 
Model.

• The S-B formula is Omega under the parallel-items 
model
– Because of the strict assumptions of the model, we cannot 

think this will be a good estimate of the reliability.

• Binary items will be dealt with in Chapter 11.
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Next Time

• Midterm review.
– Bring your questions.
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