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Lecture Overview

• Nature of attributes
 What’s in a name?

 Grain sizes explained

 Q-matrices

• Attribute hierarchies
 Types of attribute hierarchies

• Reporting of attribute profiles

• Developing cognitive processing models
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THE NATURE OF ATTRIBUTES
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The Nature of Attributes

• Different labels have been suggested in the literature for 
the latent variables:

 Latent characteristics

 Latent traits

 Elements of processes

 Attributes

• Each of these terms carries with it a specific connotation 
that reflects important beliefs about what analysts hope 
they can learn from applying DCMs
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Meanings of Terms

• Latent characteristic:
 Highlights that the mental components that are of theoretical interest are 

unobserved, which is why they are represented with latent variables in DCMs

• Latent trait:
 Highlights that the mental components of interests are believed to be stable 

across time in contrast to ‘latent states’ that change over time

• Element:
 Refers to the fact that the mental components are building blocks of a larger 

conceptual entity, which is often, but not necessarily, the ‘cognitive 
response process’
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Meanings of Terms

• Attribute:
 Is perhaps most frequently used in the measurement literature on 

diagnostic assessments

 Has a history of use in the literature on factor analysis (e.g., McDonald, 1999)

 Typically synonymous with the terms ‘latent trait’ and ‘latent characteristic’

• We use the term attribute for individual latent variables
 The dominant discourse on DCMs

• Attribute profile denotes a particular constellation of latent 
variable values for a particular respondent
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Types of Attributes
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Grain Sizes of Attributes

• The degree of definitional specificity of an attribute is 
often referred to as the definitional grain size

• The grain size is driven by the level of specificity with 
which one desires to make statements about respondents 

• The grain size of an attribute is the resolution with which 
an investigator dissects a cognitive response process and 
describes its constituent components
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Practical Issues with Grain Sizes

• It is possible to decompose individual attributes for more 
complex tasks further

 That would increase the number of attributes

• As the number of attributes increases, the number of 
latent variables in a DCM increases

 Attribute profiles and item parameters may become impossible 
to estimate statistically

• It is important to fix the number of attributes to a 
statistically manageable number for a given diagnostic 
assessment length and respondent sample size

 That number is rapidly increasing as technology gets better
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Q-matrices

• The specification of which attributes are constitutive of the 
response process for each item is done numerically in a 
table with a particular structure called a Q-matrix
(Tatsuoka, 1983)

• A Q-matrix traditionally contains the items in the rows and 
the attributes in the columns

• Its entries consist of ‘1s’ and ‘0s’ indicating whether or not 
an attribute is required to respond to an item

 A ‘1’ indicates the item measures the attribute

• Identical to factor pattern matrices in CFA
 Define which parameters are set to zero in the DCM
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Example Q-matrix
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ATTRIBUTE HIERARCHIES
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Attribute Hierarchies

• Attribute hierarchies: specifications of the attribute 
dependencies in the population of respondents

 By implication they represent hypotheses about which attribute profiles 
should be observed in a sample

• Suppose that mastery of Attribute 1 is prerequisite to 
mastery of Attribute 2:

 Attribute profiles where the second but not the first attribute is mastered 
must logically be empty in the population
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Types of Attribute Hierarchies
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Additional Matrices Implied by Attribute Hierarchies

• There are additional attribute matrices implied by 
attribute hierarchies:

 Adjacency Matrix 
 Lists hierarchically dependent attributes

 Reachability Matrix
 Lists which attributes can be reached by others

 Comes from Adjacency Matrix

• Used in Attribute Hierarchy/Rule Space techniques
 We use these matrices to reduce the number of parameters in the structural 

model (see Chapter 8)

• Adjacency Matrix is a network/graph theoretic entity
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REPORTING OF ATTRIBUTE PROFILES
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Example Profile Report (Page 1)
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Example Profile Report (Page 2)
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DEVELOPING COGNITIVE PROCESSING MODELS
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Attributes Exist Because of Theory

• Current applications of DCMs typically involve attributes that 
are defined via a theory of response processing supported by 
research in applied cognitive psychology and 
educational measurement

• In order to use DCMs to represent and, ideally, validate 
cognitive processing models one first needs to have developed 
a plausible model from theory and empirical investigations

• Cognitive response processes can be decomposed more easily 
into their constituent attributes for tasks that are narrower in 
scope and are can be solved with fewer alternative response 
strategies that rely on combinations of different attributes
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Methods Used for Cognitive Models

• Verbal reports and protocol studies
 Both require that the items under consideration are presented to a sample of 

respondents from the population who are probed about the way they 
respond to them

• Eye-tracking research
 Evidence for the cognitive processes that respondents engage in comes from 

the physiological manifestations of these processes

• Expert panels
 Ask experts to describe the cognitive processes behind item responses based 

on prior research and experience with assessments in the domain
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Limitations of the Methodologies

• Researchers from disciplines outside of educational 
measurement are often disconcerted with the use of 
certain terms and procedures in the educational 
measurement literature on diagnostic assessment

• In cognitive psychology, the dominant focus is on 
understanding the basic mental architecture of human 
beings and its consequences on how human beings 
process information to solve particular tasks

• In differential psychology, the dominant focus is on 
explaining intra- and inter-individual differences on these 
mental components and capacities and their structural 
relationships in a population
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APPLYING CONCEPTS: 
THE DIAGNOSING TEACHERS’ MULTIPLICATIVE 
REASONING PROJECT
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Introduction

• Diagnosing Teachers’ Multiplicative Reasoning* (DTMR)
 NSF funded grant (DRL-0903411) 

• Goal was to create a test that will assess fine-grained 
components of teachers’ reasoning multiplicatively with 
rational numbers

• The test was used to 
 Tailor professional development to teachers’ needs 

 Quantitatively study teachers’ fine-grained abilities to reason multiplicatively 
 Quantify findings based on extensive qualitative research base

 Generalize to larger populations
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Big Picture

• Most psychometric models are designed to measure a 
unidimensional continuous trait or ability

• Examples of continuous traits
 Student’s “math” ability at the 8th grade level
 In-service teachers’ mathematical knowledge for teaching number and 

operations
 The content area of focus for this study

• As a result, many tests are designed to measure a 
unidimensional ability

• This project took a different approach
 A multidimensional diagnostic approach
 Using a new class of psychometric models
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Diagnosing Multiplicative Reasoning

• Instead of measuring an overall ability to reason 
multiplicatively with fractions, we can break that 
continuous trait down into more fine-grained cognitive 
facilities or attributes: 

 Ability to identify appropriate referent units for numbers

 Ability to partition quantities and iterate unit fractions

 Ability to identify appropriate arithmetic operations

 Ability to make multiplicative comparisons

• We treat these attributes as categorical
 Dichotomous (have two categories)

 Mastery of an attribute ( = 1) or non-mastery of an attribute ( = 0)
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Example Item

• This item is analogous to Item 22 on the DTMR test
» Measures Referent Unit (Attribute 1) and Partitioning and Iterating (Attribute 2)  
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Groups According to Attribute Mastery

• The groups are based on 
patterns of mastery according 
to the set of attributes

• A classification of each 
individual skill results in a 
classification into one of these 
16 patterns

Pattern RU PI APP MC

1 0 0 0 0

2 0 0 0 1

3 0 0 1 0

4 0 0 1 1

5 0 1 0 0

6 0 1 0 1

7 0 1 1 0

8 0 1 1 1

9 1 0 0 0

10 1 0 0 1

11 1 0 1 0

12 1 0 1 1

13 1 1 0 0

14 1 1 0 1

15 1 1 1 0

16 1 1 1 1

2𝐴 possible patterns or groups:  
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Designing Diagnostic Tests

• Diagnostic tests are written so that each item measures 
one or more of the attributes 

• The attributes measured by each item are recorded in a 
Q-matrix

 Describes whether an item measures an attribute (q = 1) or not (q = 0) 

 Mapping is established by content experts
 Confirmed by item response interviews

• First several items on DTMR test: 
RU PI APP MC

Item 1 1 0 0 0

Item 2 0 0 1 0

Item 3 1 0 0 0

Item 4 1 0 0 1
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• We tested the following hierarchies using the Hierarchical 
Diagnostic Classification Model* (HDCM)
– All hierarchies fit significantly worse (p<.001) than the no hierarchy

No Hierarchy Hierarchy 1 Hierarchy 2

Hierarchy 3 … Hierarchy 7

Attribute Hierarchies

*Templin, J., & Bradshaw, L. (2011). Hierarchical diagnostic classification models: A family of models for estimating and testing 

attribute hierarchies. Manuscript under review.
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Wrapping Up

• In this lecture we defined:
 Attributes

 Q-matrices

 Attribute hierarchies

 How cognitive theories are built

 Limitations of the approaches
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