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Introduction

= Cognitive diagnosis models are latent class models with a

set equality constraints placed on class probabilities.
Latent Class Models
Cognitive Diagnosis 0 Latent classes are defined by a set of dichotomous skills.

DINA

RUM

= Because they are constrained versions of latent class
models, software (such as Mplus) exists that is capable of
estimating a wide range of such models.

Wrapping Up

= |n this session, you will learn how to use Mplus (and an
auxiliary program, CDM) to estimate common models for
cognitive diagnosis.
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Latent Class Analysis

Introduction

Latent Class Models

e LCA Example
e Parameters
e Interpretation
e Examinees
e Limitations

Cognitive Diagnosis

DINA

RUM

Wrapping Up

= |atent class models are commonly attributed to Lazarsfeld
and Henry (1968).

0 Latent class models are but one type of Finite Mixture
Models (FMM) where the data is categorical and item
responses are independent given class.

s Use of latent class models in educational measurement date
to Macready and Dayton (1977).

= Commonly used cognitive diagnosis models are constrained
versions of latent class models.

0 Understanding the basics of latent class analysis will be
useful in understanding how we can estimate cognitive
models using software that estimates latent class models
(Mplus).
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Latent Class Analysis as a FMM

Introduction

Latent Class Models

e LCA Example
o Parameters

e Interpretation
e Examinees
e Limitations

Cognitive Diagnosis

DINA

RUM

Wrapping Up

Using some notation of Bartholomew and Knott (1999), a latent
class model for the response vector of individual ¢
(¢=1,...,I),with J variables (j = 1,...,J) and C classes
(c=1,...,0):

Structural Measurement

—

C J

P(xi) =) ne [ [ 75 (1 —mpe) "
c=1 7=1

= 7). IS the probability that any individual is a member of class ¢
(must sum to one).

= z,, IS the observed response of individual 7 to item j.

= 7,. IS the probability of a positive response to item ;5 from an
individual from class ¢, or P(z;; = 1|c) = ;.
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LCA Example

Introduction

Latent Class Models
A
e Parameters

e Interpretation

e Examinees

e Limitations

Cognitive Diagnosis

DINA

RUM

Wrapping Up

= To illustrate the process of LCA, we will use an example
presented in Bartholomew and Knott (p. 142).

0 The data are from a four-item test analyzed with an LCA
by Macready and Dayton (1977).

= Recall, we have three pieces of information we can gain from
an LCA:

0 Sample information - proportion of people in each class.

0 Item information - probability of correct response for each
item from examinees from each class.

0 Examinee information - posterior probability of class
membership for each examinee in each class.
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Mplus Example File

TI TLE:
This is an anal ysis of Macready
and Dayton’'s data (1977).,;
DATA:
FI LE I S ntdat a. dat ;
FORMAT is 4l 1;
VARI ABLE:
NAVES ARE x1-x4;
CLASSES = c¢(2);
CATEGORI CAL = x1- x4,
ANALYSI S:
TYPE = M XTURE;
PLOT:
t ype=pl ot 3;
series is x1(1) x2(2) x3(3) x4(4);
OUTPUT:
TECH1L TECHS;

5-1



LCA Parameter Estimates

Introduction

Latent Class Models
e LCA Example

e Interpretation

e Examinees

e Limitations

Cognitive Diagnosis

DINA

RUM

Wrapping Up

= Structural parameters (representing the probability any given
examinee falls into a given class):

Class Parameter Estimate
1 m 0.587
2 Mo 0.413

= [tem parameters (representing the probability of getting an
item correct, conditional on being in a given class):

ltem
Class 1 2 3 4
1 m1 = 0.753 w91 = 0.780 w31 =0.432 741 = 0.708
2 w12 = 0.209 79 = 0.068 739 = 0.018 740 = 0.052
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Interpreting Classes

Introduction

Latent Class Models
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e Interpretation
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e Limitations

Cognitive Diagnosis
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= After the analysis is finished, we need to examine the item
probabilities to gain information about the characteristics of
the classes.

= An easy way to do this is to look at a chart of the item
response probabilities by class.
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Examine Parameter Estimates

Introduction
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Cognitive Diagnosis
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RUM

Wrapping Up

= Examinee estimates are found in the form of posterior
probabilities of class membership (denoted by &..):

Examinee | Responses a1 Qo ML Class Max &
73 1000 0.177 0.823 2 0.823
76 0111 0.999 0.001 1 0.999
80 0110 0.974 0.026 1 0.974
82 0101 0.975 0.025 1 0.975
87 0100 0.474 0.526 2 0.526
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LCA Limitations

Introduction

Latent Class Models
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o Parameters
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e Examinees

Cognitive Diagnosis

DINA

RUM

Wrapping Up

= | CA has limitations which make its application to educational
measurement difficult:

0 Classes not known prior to analysis.

0 Class characteristics not know until after analysis.

= Both of these problems are related to LCA being an
exploratory procedure for understanding data.

= Some models for cognitive diagnosis are more confirmatory
versions of LCA:

0 Specifying what our classes mean prior to analysis (skill
patterns).

0 Placing constraints on the class item probabilities
according to the types of skills needed to correctly answer
each item.
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Concepts

To demonstrate CDM concepts, imagine a test covering basic
math:

Introduction

1) 243—-1 2) 4+2 3) 3x(4-2)

Latent Class Models

Cognitive Diagnosis

L — = Using traditional assessment methods, an individual’s score,
Showien or general math ability, could be estimated.

: Zic?rt:;:(t)iznl\jodels

s comprogam = |nstead, math ability can be expressed as a set of basic skills

(commonly called attributes):

DINA

RUM

0 Add

0 Subtract
0 Multiply
0 Divide

Wrapping Up

= Cognitive diagnosis models estimate a profile of the skills an
Individual has mastered.

NCME Workshop - 4/6/2006 Slide 10 of 36



Example Q-Matrix

Introduction
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Cognitive Diagnosis
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e Q-Matrix Example
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e Technical Details

e Distinctions

e Common Models
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e Demonstration Files

DINA

RUM

Wrapping Up

Math Test Example Q-matrix
Add Sub Mult Div
2+3—-1 1 1 0 0
4/2 0 0 0 1
3x(4—-2) O 1 1 0

= Unlike IRT, not every item measures each attribute.

= A Q-matrix indicates which attributes are measured by each
item.

= Notice that the Q-matrix defines the nature of each attribute.
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Notation

Introduction
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e Common Models
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DINA

RUM
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I denotes the total number of examinees.

J denotes the total number of items.

K denotes the total number of attributes.

() has elements ¢;; that indicate whether mastery of the kth

attribute is required by the ;" item

g;. denotes the number of attributes measured by item j:

K
45 = Z djk
k=1

a; IS a set of indicators of attribute mastery for examinee ; for all

K attributes.
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CDM are a Subset of Latent Class Models

Introduction

Latent Class Models
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A latent class model for the response vector of individual i:
Structural Measurement

—

C J

P(xi) =) ne [ [ nfe (1 —mpe) "
c=1 7=1

Cognitive Diagnosis Models are constrained latent class
models:

= For K skills, total of 2% classes are defined.

= The Q-matrix specifies the set of latent traits necessary for
each item (like the factor pattern matrix in CFA).

= Equality constraints (measurement portion of model - 7;,)
determined by:

O Choice of model.

0 Q-matrix specifications.
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Important Distinctions in CDM

Introduction
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e Common Models
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DINA

RUM

Wrapping Up

= An important distinction in commonly used CDM is that of

the model being either conjunctive or disjunctive.

Conjunctive models (such as the to-be-presented DINA,
NIDA, and RUM) model item responses by stating that the
probability that an examinee correctly responds to an items
that requires a skill an examinee has not mastered cannot be
Improved by some other required skill that an examinee has
mastered.

0 This type of model works well with strictly defined skills,
such as types of mathematics skills.

Disjunctive models state the opposite, that the response
probability of an item can be equally high if another skill has
been mastered (can be thought of as having another skill be
able to compensate for the lacked skill).

0 This type of model works well with more coarsely defined
skills, such as reading or writing skills.
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Class Number Conversions

Introduction
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= To use Mplus to estimate common CDM, we must first make

one small note about class numbering.

= In CDM classes consist of all possible combinations of skill

patterns an examinee Mmay POSSESS.

= In traditional LCA, a set of classes (numberedc=1,...,()

are defined.

= \We note that every given integer can be converted to a

binary sequence (representing a skill pattern).
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Class Number Conversions
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= For example, consider a Q-matrix with K = 4 skills (which
translates into 2% = 16 possible skill patterns - or latent

classes):

C o, C o,
1 | 0000 9 | 1000
2 | 0001 10 | 1001
3 | 0010 11 | 1010
4 | 0011 12 | 1010
5 | 0100 13 | 1100
6 | 0110 14 | 1101
7 | 0110 15 | 1110
8 | 0111 16 | 1111
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LCA Item Response Probabilities

= Imagine an LCA where an Equal P(X;; = 1|c) Denoted By Symbol
exponential number of classes is ltem

defined: = o 1 2 3...
. 1 [0000] 71,1 | 72,1 | 73,1
Total Attributes: 4 > [0001] o | 722 | 750
3 [0010] 71,3 | 72,3 | 73,3
Total Classes: 16 s oo e Ve Y
. 5 [0100] 71,5 | 72,5 | 73,5
Model: LCA 6 [0101] m1,6 | 72,6 | 73,6
.. 7 [0110] ©1,7 | 72,7 | 73,7
Q-matrix: None s ony] T
Equivalence Classes Per ltem: o  [1000] 719 ) 729 | 789
N 10 [1001] 71,10 | 72,10 | 73,10
one 11 [1010] 71,11 | 72,11 | 73,11
. . . 12 [1011] 71,12 | 71,12 | 71,12
= There is nothing to keep some skKill 3 [1100] =Rl ERT] EERE
pattern response patterns from 14 [1101] m1,14 | 71,14 | 71,14
exceeding others. 15 [1110] ™1,15 | 72,15 | 73,15
16 [1111] 71,16 | 72,16 | 73,16
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CDM ltem Response Probabilities

= By contrast, a CDM equates
certain cells:

Total Attributes: 4

Total Classes: 16

Model: DINA
Q-matrix:
a1 (0% as g
ltem Add Sub Mult Div
1.)2+3 -1 1 1 0
2.)4/2 0 1
3.)3x (4—2) 0 1 1

Equivalence Classes Per Iltem: 2

Item

Probability Parameters

© o N o o A~ w N 0 Q

e e S Y R O
o U A W N B O

Equal P(X;; = 1|c) Denoted By Color
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Common Models

Introduction

Latent Class Models

Cognitive Diagnosis
e Example
e Q-Matrix Example
e Notation

e Technical Details
e Distinctions

e Common Models

o CDM Program
e Demonstration Files

DINA

RUM

Wrapping Up

= Throughout the rest of the talk, we will cover several of the
common conjunctive cognitive diagnosis models (and their

disjunctive counterparts):

Conjunctive Model Disjunctive Model

DINA
NIDA
RUM

DINO
NIDO
Compensatory RUM

= Each of these models can be estimated with Mplus.

= Because of the number of constraints involved, the Mplus

syntax gets rather lengthy (

click here for an example).

N

= Because of this, a program

called CDM was written.
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CDM Program

Introduction

Latent Class Models

Cognitive Diagnosis
e Example
e Q-Matrix Example
e Notation

e Technical Details
e Distinctions
e Common Models

o CDM Program

e Demonstration Files

DINA

RUM

Wrapping Up

= The CDM program writes the Mplus code and parses the
Mplus output for each of these models.

= The basic control file for the CDM program is shown on the
next page.

= The CDM program and user guide can be found on the
website found on the handout (it's free!).
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*Qmat ri x

file = Qmatrix File Nane

attri butes = Nunmber of Attri butes
[format = «]

*Dat aFi | e

file = Data Fil e Nane
ltens = Nunber of |tens
[format = x]

* CDM

nodel = Model nane

[ start met hod = randoni
[ randonseed = 0]

*Program

npl uspath = Path to Ml us

[anal ysis = al | ]

i nputfile = cdm DATE TI ME. | np]
[itenfile = cdm DATE Tl ME out . dat ]
[ exanfile cdm DATE Tl ME_exam dat ]
[ covfile = cdm DATE Tl ME _cov. dat ]
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Demonstration Files

Introduction

Latent Class Models

Cognitive Diagnosis
e Example
e Q-Matrix Example
e Notation

e Technical Details
e Distinctions

e Common Models
o CDM Program

e Demonstration Files

DINA

RUM

Wrapping Up

= For each demonstration, the follow files and settings will be
used:

0 A data file from a 20-item test (simulated data).
= Filename: data.csv.

= Format: Free (comma delimited).

0 A four-skill Q-matrix.

= Filename: gmatrix.in.

« Format: 411.

0 Starting method: subscore (for some models this may be

dangerous).
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The DINA Model

m Deterministic Input; Noisy “And” Gate
(Macready and Dayton, 1977; Haertel, 1989; Junker and Sijstma, 2001)

Introduction

(1=,
Latent Class Models P(ij — ]‘|€’Lj) — (]. - 8j)£ZJ g; 5 J).
Cognitive Diagnosis
where
DINA

o DINA Characteristics
o DINA Output

K
RUM gw = H Oé;]]jfk
k=1

Wrapping Up

s; = P(X;; = 0]&; = 1) - “slip” parameter

g; = P(X;; = 1|&; = 0) - “guess” parameter
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DINA Characteristics

= Separates examinees into two classes per item:

0 Examinees who have mastered all necessary attributes.

Introduction

Latent Class Models 0 Examinees who are lacking mastery of one or more

Cognitve Diagnosis necessary attributes.

DINA

= The DINA model ensures all attributes missed are treated

« DINA Outpur equally, resulting in the same chance of “guessing” correctly.
RUM

Wrapping Up = For each item, the DINA model specifies two parameters to

be estimated.

0 For a test of J items, a total of 2 x J item parameters are
modeled.
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DINA Demonstration

s Consider the firstitem: 2 +3 -1

= Addition and subtraction are attributes needed to correctly
answer this problem.

Introduction

Latent Class Models

Some Dasnose = Imagine those examinees who have mastered both addition
and subtraction (&1 = 1).

" DINA Outpu 0 If 85% of those examinees correctly responded to this

i item, then s; = 0.15.

Wrapping Up

= Now consider those examinees who have not mastered
either addition or subtraction (£;; = 0).

0 If 30% of those examinees correctly responded to this
item, then ¢; = 0.30.
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DINA Demonstration

Item response function for 2 + 3 — 1:
Introduction 81 — 0.15 and gl — 0.30.

Latent Class Models

1 -
Cognitive Diagnosis 1— S1
DINA S 0.75+
o The DINA Model E
=
o DINA Output || O 50__
RO i{ g1 g1 g1
Wrapping Up A, 0.25- I I I
0
Add v o o] | |
sub | v | v |
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DINA Item Response Constraints

Total Attributes: 4

Total Classes: 16

Model: DINA
Q-matrix:
(o] (07%)) a3 (%)
[tem Add Sub Mult Div
1.)2+3-1 1 1 0
2.)4/2 0 1
3.)3x (4—2) 0 1 1

Equivalence Classes Per Iltem: 2

Probability Parameters

g1
g1
91
g1
g1
g1
91
g1
g1
g1
g1
g1

1 — 59

1 — s5q

1 — sq

Item

g2

1 — s9
g2

1 — so
g2

1 — s9
g2

1 — so
g2

1 — s9
g2

1 — so
g2

1 — s9

g2

Equal P(X;; = 1|a;) Denoted By Color

g3

1 — s3

1—81 1—82 1—83
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CDM Input File: DINA Model

*Qmat ri X

file = gmatrix.in
format = 4i 1
attributes = 4

*Dat aFi | e

file = data. csv
ltens = 20

* CDM

nodel = DI NA
start met hod = subscore

*Program
mpl uspat h=C. \ Program Fi | es\ Mpl us\ Mol us. exe
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CDM Output Files

Introduction

Latent Class Models

Cognitive Diagnosis

DINA
o The DINA Model

o DINA Characteristics

o DINA Output

RUM

Wrapping Up

= cdmplus_output.csv (click to open in Excel):
0 Model fit statistics.

0 Attribute pattern probability estimates.

0 Cognitive diagnosis model item parameter estimates.

= cdmexam_out.csv (click to open in Excel)
0 Examinee estimates
0 Attribute pattern probability estimates.

0 Most likely pattern.

NCME Workshop - 4/6/2006

Slide 27 of 36



Reparameterized Unified Model (Hartz, 2002)

= To parsimoniously parameterize the Unified Model (DiBello,
Stout, & Roussos, 1995), the Reparameterized Unified
Model (or RUM; Hartz, 2002) was developed.

Introduction

Latent Class Models

= The RUM incorporates two features not parameterized with
most other models:

Cognitive Diagnosis

DINA

E : .
py— » The RUM is also called the Fusion Model.

e Model

o o s O Parameterization of multiple response classes per item.

Wrapping Up

0 Incorporation of completeness parameter.
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RUM Demonstration

s Consider the item:
Introduction 2 —|— 3 — ]_
Latent Class Models
Cognitve Diagnosis = Addition and Subtraction are skills needed to correctly
DINA answer this problem.
e Completeness 1 T
e Model
e Completeness Revisited
e RUM Output 0.75"
Wrapping Up ‘ﬂ‘
s 0.50+
QA
0254 I
O B .
Add v | v | | |
Sub v | | v | |

NCME Workshop - 4/6/2006 Slide 29 of 36



ltem Completeness

Introduction

Latent Class Models

Cognitive Diagnosis

DINA

RUM

e Completeness

e Model
e Completeness Revisited
o RUM Output

Wrapping Up

= The quality of cognitive diagnosis model estimates are

partially determined by the accuracy of the entries in the
Q-matrix.

In practice, situations occur where the Q-matrix is not
accurately specified.

For each item, the RUM maps the misspecified Q-matrix
entries onto a single latent continuum.

The RUM incorporates a continuous examinee parameter,
denoted by 0;, that represents the examinee’s latent “ability”
across the misspecified attributes.

Because of the conjunctive nature of completeness, Mplus
will not estimate the full RUM.
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Reparameterized Unified Model (Hartz, 2002)

K
P (ij = 1|az,01) = ch ((9@) (7'(';|< r;iaik)Xij>

Introduction k =1
Latent Class Models = q; is the pre-specified row vector (1 x K) of Q-matrix entries
Cognitive Diagnosis for Item j.
DINA
) i 1.701(c;+6;)
TLé:'\:I)mpleteness . The Completeness term PCj (91) — (1_7_61.701(63'4-07;) ) .

e Completeness Revisited
o RUM Output

= 77 Is the maximum probability of correct response
conditional on mastery of all Q-matrix attributes for item j.

Wrapping Up

= 7%, Is the “penalty” imposed for missing attribute k.

" Letg;. = Zle gk The RUM places 29 equality constraints
on the 2% class item response probabilities.
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RUM lllustrated

Consider an item requiring two attributes (g;. = 2):

High Cog. Structure, High Completeness High Cog. Structure, Low Completeness
- -
[ee] o]
S 7] S 7]
5 © 5 ©
S o g o
1 1l
X 3 x 34
o o
N N
S S 7]
o | o |
° T T T T T ° T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
0 8
Low Cog. Structure, High Completeness Low Cog. Structure, Low Completeness
- -
© © |
o o
5 o 5 o |
g O g o
1 1
< = < 3
a ° a °
N N
oS IS
o o |
e e T T T T
-4 -2 0 2 4
9| ei
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Completeness Revisited

Introduction

Latent Class Models

Cognitive Diagnosis

DINA

RUM
e Completeness
e Model

e Completeness Revisited

o RUM Output

Wrapping Up

= |n practice, the completeness parameter is difficult (if not
Impossible) to estimate.

m For these reasons, a reduced version of the RUM is often
used.

= The reduced version of the RUM sets P, (0;) = 1 for all
examinees ¢ and items j.

= The remaining portion of the RUM retains the diagnostic

Information for the model:
K

P (X;; =1lloy) = 7r;-< rﬁ_o‘ik)x%k

k=1
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Reduced Rum ltem Response Constraints

Total Attributes: 4

Total Classes: 16

Model: Reduced RUM

Q-matrix:
o a0 Qs oy
ltem Add | Sub | Mult | Div
1.)2+3—-1 1 1 0
2.)4/2 0 1
3.)3x (4—2) 0 1 1

Equivalence Classes Per Item: (29)

Item

Probability Parameters

Equal P(X;; = 1|a;) Denoted By Color

(04

[0000]
[0001]
[0010]
[0011]
[0100]
[0101]
[0110]
[0111]
[1000]
[1001]
[1010]
[1011]
[1100]
[1101]
[1110]
[1111]

%k %k %k
T17T11712
%k %k %k
™T1"12
%k k %k
T17T11712
%k k %k
T17T11712
wfrf
TIT1
LS
LS
* ok
™72

k %k
™ T2

ltem
2

75724
T
T3 T4
™5
T3 T34

%k %k
T2 T24
%k ok
ToT2q

E 3
)
E 3 %k
T2 T24

3

T3T39733
T3T39733
T3T39
T3T39
73733

%k %k E S
73732733

% >k %
‘“3T32T33

%k ok
T3 732
%k 3k
™3733
k 3k
73733
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CDM Input File: RUM

*Qmat ri X

file = gmatrix.in
format = 4i 1
attributes = 4

*Dat aFi | e

file = data. csv
ltens = 20

* CDM

nodel = RUM

start net hod = subscore

*Program
mpl uspat h=C. \ Program Fi | es\ Mpl us\ Mol us. exe

34-1



CDM Output Files

Introduction

Latent Class Models

Cognitive Diagnosis

DINA

RUM

e Completeness

e Model

e Completeness Revisited

o RUM Output

Wrapping Up

= cdmplus_output.csv (click to open in Excel):
0 Model fit statistics.

0 Attribute pattern probability estimates.

0 Cognitive diagnosis model item parameter estimates.

= cdmexam_out.csv (click to open in Excel)
0 Examinee estimates
0 Attribute pattern probability estimates.

0 Most likely pattern.
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Wrapping Up

= Cognitive diagnosis models provide a method for categorical
estimating latent skills.

Introduction

Latent Class Models = Mplus can estimate many common models for cognitive
Cognitive Diagnosis d | ag nNosS | S.

DINA

RUM

Wrapping Up

= Because of the sheer volume of the constraints, the
difference in parameterization, and the difference in the
meaning of each class, the CDM program can augment
Mplus in estimation of many common models.

= The CDM program is Iin it’s beginning stages - more models
and options will be added as time progresses.

= For information or bug reporting, please email me:
jtemplin@ku.edu.
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